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Abstract
High energy collision of massive bodies is investigated without fine tuning. We study multiple collisions
of two spherical concentric shells in a gravitationally bound system and calculate the center of mass
energy between the shells. We solve the equation of motions for two shells without imposing any fine
tuning of the initial parameters. In this bound system, the shells collide many times and these motions
are highly nontrivial due to chaotic behavior of the shells. Consequently, the center of mass energy for
each collision varies nontrivially and even reach almost its theoretical upper limit. We confirm that a
significant proportion of the theoretical limit is automatically achieved during multiple collisions without
fine tuning. At the same time, we also study shell ejection from the system after some collisions. If
the initial shell’s energy is large enough, multiple collisions may cause one shell to accumulate energy so
that it escapes to infinity, even if two shells are initially confined in the system. The ejection is caused
by multiple collisions inducing nontrivial energy transfer between the shells. The relation between the
maximum center of mass energy and the energy transfer causing the shell ejection is also discussed.
∗ kokubu@hunnu.edu.cn, 14ra002a@rikkyo.ac.jp
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I. INTRODUCTION
High energy collisions of massive bodies may occur around strong gravitational fields in the
Universe [1], and thus the collisions can be a probe for dark matter physics [2, 3].
It has been known that strong gravitational fields work as particle accelerators. Reference [1]
has shown that the center of mass energy, the energy between the particles in the center of mass
frame, arbitrarily grows if two test particles collide head-on near the horizon of an extremal Kerr
black hole. Hence, the black hole can be a natural particle accelerator. When the parameter of
either of the particles is finely adjusted, similar energetic collision occurs [4], describing rear-end
collision of two particles in the same spacetime as in Ref. [1].
Also, a black hole without rotation acts as an accelerator if two charged particles (one of them
is fine tuned and the other is not) collide in the vicinity of the horizon in an extremal charged
black hole spacetime [5]. Although charged black holes are not realistic in the Universe, it is often
the subject of study because they have similar conformal structures to rotating black holes, but
analysis in charged spacetimes is much easier than rotating ones. Therefore analysis in charged
spacetimes gives a wealth of suggestions for more realistic spacetimes with rotation.
One of criticisms on the high energy collision due to strong gravity is that the back-reaction
by self gravity of the colliding object is not taken into account, thereby lacking sufficient accuracy
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for the motion of the object near strong gravitational regions. However, solving the Einstein
equations including self gravity is in general hard task. To complement the difficulty, the shell
model implemented by Israel is often adopted [6]. A thin-matter layer confined on a singular
hypersurface is called a shell (or brane). In the Israel’s formalism, the self gravity of the shell is
fully taken into account, i.e., the shell solves the Einstein equations. As a result, it was revealed
that the center of mass energy has an upper bound when the back-reaction is taken into account
by considering collision of two charged shells (one particle is fine tuned) in the extremal Reissner-
Nordstro¨m spacetime [7].
An another criticism on high energy collisions is the difficulty of “fine tuning”. Two kinds of fine
tunings on the initial conditions may be required for high energy collisions to occur: (i) One of the
colliding bodies must be “critical”, meaning that the body is tuned to satisfy an algebraic relation
between physical quantities proper to the body (e.g., conserved energy, angular momentum or
charge, in the case of test particles) and inertial quantities of the background spacetime (e.g., the
rotation of the spacetime). (ii) Tuning of the initial position and the initial velocity of each body
so that the critical body collides with the other non-critical body just above the horizon.
Meanwhile, we note that large amount of the center of mass energy is realizable without black
holes. An over extremal Reissner-Nordstro¨m spacetime containing no horizon, but a naked singu-
larity, works as a high energy accelerator [8]. In an over extremal Reissner-Nordstro¨m spacetime
that is very close to an extremal spacetime, the center of mass energy becomes arbitrarily large
when the two neutral particles or the two neutral shells collide at a particular radius 1. An inter-
esting feature in this system is that we do not need a fine tuning of the initial parameters. The
fine tuning listed in the above as (i) is not required for obtaining the high energy. Although this
sounds fascinating, the fine tuning of type (ii) is still required. The particles (or shells) must be
dropped from a distant region in a timely manner in order that the particles (shells) collide at the
very particular collision point, causing high center of mass energy.
Nonetheless, it is very fascinating if high energy collision occurs without artificial tuning. In this
respect, motions of two objects in bound systems is perhaps useful for realizing multiple collisions
without fine tuning. It is interesting to confirm if that collisions can be highly energetic.
In our real Universe, massive objects in self gravitating systems (e.g., constituent particles in
a star, or stars in clusters) collide with each other many times due to self gravity and velocity
dispersion. They contract due to self gravity and expand due to velocity dispersion, and then
contract again. This routine may cause high energy collision without fine tuning if they collide at
a critical radius responsible for high center of mass energy.
Behavior of multiple shells has been investigated not only in gravitational physics [6] - [14]
but also in the context of astrophysics. By tracking motions of N shells, time evolution and the
end state of spherically symmetric gas cloud was studied by Henon [15]. The mass distribution
of spherical cluster was explained by solving N shell dynamics in Newtonian mechanics [16]. As
discussed in these references, some of shells gain large amount of energy by exchanging energy
between shells due to collisions, thereby causing them to escape from the system. This is interpreted
1 More precisely, the ratio of the center of mass energy to the proper mass becomes arbitrarily large.
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as mass ejection from the system, which is confirmed in Newtonian [17, 18] and in general relativity
[19]. On the other hand, when mass ejection does not occur and the shells are confined in the
system for long time, gravitating shells in general exhibit chaotic behavior even in Newtonian
gravity [17, 18]. Motion of two concentric shells with identical mass moving between inner and
outer reflecting spherical box is chaotic in Newtonian mechanics [17]. The similar situation but
with different masses around a central body in Newtonian gravity is also chaotic [20].
Under these circumstances, in this paper we consider motions of two electrically neutral dust
shells that are initially gravitationally bound in the over extremal Reissner-Nordstro¨m spacetime
containing the naked singularity. In our setup, dust shells are initially confined in a finite range of
radius due to self gravity of the shells and repulsive force by the naked singularity at the center.
As a result, this simple setup naturally makes a gravitationally bound system. Since multiple
collisions take place when the shells are confined, we consider if large amount of the center of mass
energy can be achieved during the collisions.
We assume that the shells are “transparent”, i.e., they interact only gravitationally so that
they pass through during collision. Note that a candidate of transparent matter is dark matter,
interacting only gravitationally. This simple assumption naturally induce multiple collisions in
the confining geometry. The treatment of transparent shells has been already formulated in Refs.
[10, 19, 21, 22]. This formalism was applied to a two-shell system describing the critical behavior of
black hole formation in asymptotically flat [23] and also in asymptotically anti de-Sitter spacetime
[24]. An another application is charged two shells moving around a charged black hole, describing
perpetual oscillating motions [25]. Adopting the formalism, we numerically solve equations of
motions of two dust shells in a bound system under generic initial conditions, thereby forcing
to induce multiple collisions. We calculate the center of mass energy between the shell at each
collision to evaluate how large the energy is.
Here, we comment on spacetimes with naked singularities. Spacetimes containing naked sin-
gularities are unpleasant, because theory of general relativity breaks down. The weak cosmic
censorship conjecture [26] was thus introduced to forbid the naked singularity from generating by
physically reasonable initial conditions. However, counterexamples to the conjecture have been
already reported: Inhomogeneous spherical dust collapse leads to form a locally naked singularity
[27]. This is also true even though collapsing matter possesses small pressure [28]. Moreover, a
spacetime with a naked singular region would be effectively realizable if one considers a quantum
gravity that may resolve the infinite curvature of the naked singularity, indicating that classical
naked singular spacetimes are indeed appropriate solutions except the central singularity [29].
Considering above, physical reality of naked singular spacetimes is still an open issue. Therefore,
in this paper we do not pursue the question for reality of naked singularity. We introduce a naked
singularity just as an origin of repulsive force causing bounce of contracting bodies, rather than
physical entity. Once we accept the naked singularity, this system, two shells in the over extremal
Reissner-Nordstro¨m spacetime, provide a very simple confining geometry.
This paper is organized as follows. In Sec. II, we construct dust shells in the over extremal
Reissner–Nordstro¨m spacetime and review the collisions of transparent shells. In Sec. III, we
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numerically solve two shell problems under generic initial conditions, confirming that high energy
collisions indeed occur. Summary and conclusion is devoted to Sec. IV.
We take the gravitational constant G and the speed of light c are unity.
II. SETUP
In this section, we review collisions of two, electrically neutral dust shells in the over extremal
Reissner–Nordstro¨m spacetime.
The Reissner–Nordstro¨m spacetime is the unique, static and spherically symmetric solution to
the Einstein-Maxwell equations with the potential 1-form, Aµdx
µ = −(Q/r)dt, whose metric is
written by
ds2 = −f(r)dt2 + f(r)−1dr2 + r2(dθ2 + sin2 θdφ2) (2.1)
with
f(r) =1− 2M/r +Q2/r2. (2.2)
The parameter M is the gravitational mass (the Misner-Sharp energy) and Q is the charge of the
spacetime. This solution has a curvature singularity at r = 0. Since we focus on an over extremal
solution, M < Q. Combining the inequality and the assumption that M is positive, we consider
the spacetime with
0 < M < Q (2.3)
throughout this paper. The condition (2.3) guarantees that f(r) > 0 which means the event
horizon is absent and the central curvature singularity is naked, i.e., an asymptotic observer at
infinity would see the singularity.
A. Single dust shell
Before constructing two shell system, we first introduce a single shell residing on a timelike
hypersurface Σ which partitions the spacetime into the inner (−) and the outer (+) region. The
Einstein-Maxwell equations for the shell is calculated by Israel’s junction conditions. On the
hypersurface the line element is given by ds2Σ = habdy
adyb = −dτ 2 + R(τ)2(dθ2 + sin2 θdφ2) with
the shell’s radius R(τ), where τ is the proper time of the shell. {ya} is the intrinsic coordinates on
Σ and is chosen as ya = (τ, θ, φ). The unit normal nα to Σ and the basis vectors eαa := ∂x
α/∂ya
tangent to Σ are written by nα±dx
α = −R˙dt + t˙±dr, uα±∂α := eατ±∂α = t˙±∂t + R˙∂r, eαθ ∂α = ∂θ,
eαφ∂α = ∂φ. u
α and nα are normalized and orthogonal each other: uαuα = −1, nαnα = 1 and
uαnα = 0. We have defined ˙ := ∂/∂τ . Subscript with the plus sign (the minus sign) denotes
quantities in the outer (inner) region. Junction conditions are written as [hab] = 0 and
8πSab = −[Kab] + [K]hab, (2.4)
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where Kab := nα;βe
α
ae
β
b is the extrinsic curvature and Sab is the stress-energy tensor of the shell.
We defined a gap of tensorial quantities at the hypersurface, [X ] := (X+−X−)|Σ. The constraints
equations are given by
S ba |b = −[Tαβeαanβ], (2.5)
K¯abSab = [Tαβn
αnβ], (2.6)
where K¯ab := (Kab+ + K
ab
− )|Σ/2 and X|a is the covariant derivative with respect to the induced
metric hab. From one of junction conditions, [hab] = 0, t˙± has a relation as
t˙± :=
β±
f±(R)
, β± :=
√
f±(R) + R˙2. (2.7)
The non-zero components of the extrinsic curvature are Kττ± = β˙±/R˙ and K
θ
θ± = K
φ
φ± = β±/R.
We take Sij as a perfect fluid form, S
i
j = diag(−ρ, p, p) with the surface pressure p and the surface
energy density ρ. Then, the junction condition Eq. (2.4) reduces to
−4πρ = (β+ − β−)/R, (2.8)
8πp = (β˙+ − β˙−)/R˙ + (β+ − β−)/R. (2.9)
Eq. (2.5) is explicitly written by
Rρ˙ = −2R˙(p+ ρ). (2.10)
From Eq. (2.10), ρ is solved as ρ = ρ(R) when the equation of state is given. As mentioned, since
we suppose the shell is made of dust fluid, p = 0. Then, Eq. (2.10) is integrated to give
m := 4πR2ρ. (2.11)
m is a constant and denotes the proper mass of the shell. We assume m > 0 throughout this
paper.
By squaring Eq. (2.8) twice to eliminate the square-root term, we arrive the energy equation
for an electrically neutral dust shell,
R˙2 + V (R) = 0,
V (R) = 1−E2 − M+ +M−
R
+
Q2
R2
−
( m
2R
)2
, (2.12)
where
E := (M+ −M−)/m. (2.13)
M+ −M− denotes the shell’s Misner-Sharp energy and E is the shell’s specific energy. Eq. (2.12)
describes the dynamics of the shell. The fifth term, −(m/2R)2, in Eq. (2.12) corresponds to the
self gravity of the shell. The shell can move within a range where V (R) ≤ 0. E has a positive
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lower bound Ec where the local minimum of the potential Eq. (2.12) touches the R axis, meaning
that V = dV/dR = 0 which is solved in terms of the specific energy E as
Ec =
√
1− (M+ +M−)
2
4Q2 −m2 . (2.14)
Note that for large radius, V (R→∞) = 1−E2. Hence, the shell is bounded if Ec < E < 1 (bound
motion), the shell reaches infinity with vanishing velocity if E = 1 (marginally bound motion),
while the shell reaches with non-vanishing velocity if E > 1 (unbound motion).
For small radius, R−2 terms in Eq. (2.12) becomes dominant, and as a result a contracting shell
can bounce back if the shell’s proper mass is smaller than twice the charge,
m < 2Q. (2.15)
On the other hand, for m ≥ 2Q, a contracting shell collapses to a blackhole because there is no
inner potential barrier. Throughout this paper, we assume the shell with Ec < E < 1 and m < 2Q
so that the shell is gravitationally bound.
For later convenience, we rewrite Eq. (2.7) in a simpler form without the square root. By
multiplying the both sides of Eq. (2.8) by (β+ + β−), we obtain
β+β− = −2
( m
2R
)2
+
f+ + f−
2
− V. (2.16)
By using Eq. (2.16) to eliminate β+β− term in Eq. (2.9), we obtain an algebraic relation between
β+ and β−. With the help of the algebraic relation and Eq. (2.8), we solve β± without the square
root as
β± = ∓
( m
2R
)
− f+ − f−
4
(
2R
m
)
. (2.17)
Thus we arrive the expression without the square root,
f±t˙± = E ∓ m
2R
. (2.18)
B. Two shells and collisions
We have introduced the single shell. Now, we introduce “two” shells and these collisions. The
two shell system consists of two concentric shells. The shells divide the spacetime into four regions,
say, the region I (I = 1, 2, 3, 4). Each region possesses different gravitational mass, MI . See Fig. 1
for the configuration the two shell system. We use Eq. (2.12) to track the motion of the inner
shell with the radius R1 and the outer one with R2. The equation of the inner shell is obtained
in Eq. (2.12) by setting M+ = M2 and M− = M1. Similarly, motion of the outer shell can be
obtained by setting M+ = M3 and M− = M2. For simplicity we assume the proper mass for both
shells is the same, i.e., m1 = m2 = m.
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Generally, when shells collide with each other, so called the shell-crossing singularity form there
and subsequent analysis becomes impossible unless appropriate boundary conditions are imposed
at the collision event. One of such conditions is a transparent condition [10, 21] which consists of
two conditions: (1) The four-velocity of each shell is continuous at the collision. (2) The proper
mass m of each shell is invariant during the collision. In other words, each shell just goes through
each other. Although the four-velocity is continuous, acceleration of shells is discontinuous because
the gravity that the shells feel varies discontinuously before and after the collision. That is, the
gravitational mass (the Misner-Sharp energy) between the shells varies discontinuously at the
collision, namely, M2 → M4 (see Fig. 1). The explicit form of M4 after the collision is given in
(a)
(b)
FIG. 1. (a) two-shell system. (b) Schematic picture of shell collision. The inner shell with the radius R1
and the outer with R2 collide at point P .
Ref. [21]. In our setup, by letting P be the point at the collision event, M4 is written as
M4|P =M3 −M2 +M1 + 1
Rf2
(
M2 −M1 − m
2
2R
)(
M3 −M2 + m
2
2R
)
− sgn(R˙1)sgn(R˙2)
Rf2
√(
M2 −M1 − m
2
2R
)2
−m2f2
√(
M3 −M2 + m
2
2R
)2
−m2f2. (2.19)
The right hand side of Eq. (2.19) is evaluated at the collision event P . We defined R˙1,2 :=
dR1,2/dτ1,2. Equivalently, the metric component f2 in the region 2 varies as f2 → f4 at the
collision, where
f4 = 1− 2M4/R +Q2/R2 (2.20)
is the metric component in the region 4. After the collision, Eq. (2.12) is still applied to track
dynamics of each shell merely by replacing M2 with M4.
Since the proper time for each shell is in general different, we must use a time coordinate
common to the two shells to follow long time evolution and multiple collisions. A convenient
choice for the common time coordinate is t2 which is the time measured between the shells. By
multiplying Eq. (2.12) by Eq. (2.7), we have(
dRi
dt2
)2
+
f2(Ri)
2V (Ri)
f2(Ri)− V (Ri) = 0 (i = 1, 2). (2.21)
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C. Center of mass energy
In order to measure how the collision of shells is energetic, we introduce the the center of mass
energy. The the center of mass energy Ecm, the energy between the two shells for their center of
mass frame, has been given by [7]
E2cm = 2m
2(1 + γ), γ := −gαβuα1uβ2 . (2.22)
As assumed, both shells have the same proper mass. γ (≥ 1) is the Lorentz factor of the relative
velocity between the shells and can be calculated with the metric in the region 2 as γ = −f2t˙1t˙2+
f−12 R˙1R˙2. From Eq. (2.22), Ecm/m is large when the relative velocity between the shells is large.
There is no upper limit on the maximum value of Ecm/m because the shells can collide at a
relativistic velocity (γ ≫ 1) due to strong gravitational fields. On the other hand, there is the
lower limit for the center of mass energy, min{Ecm} = 2m, when γ = 1. Note that γ ≃ 1 when
the Newtonian approximation is valid. Thus, Ecm/2m measures the increase in the center of mass
energy due to relativistic effect. It is important to explain for more details on the meaning of the
ratio Ecm/2m. Assuming that the shell consists of many particles, the ratio is also interpreted as
the center of mass energy per unit mass of the constituent particles: If all the constituent particles
have an identical mass m˜, the number of particle contained in one shell is given by n = m/m˜. Then,
the center of mass energy of the constituent particle is given by e = Ecm/2n. Thus, the center of
mass energy per unit mass of the constituent particle is given by e/m˜ = Ecm/2m. Therefore, a
large Ecm/2m means a large collisional energy between the constituent particles.
With the help of Eqs. (2.12) and (2.18), the explicit form of Eq. (2.22) is written by
E2cm
2m2
=1 +
1
f2
(
E1 − m
2R
)(
E2 +
m
2R
)
− sgn(R˙1)sgn(R˙2)
f2
√(
E1 − m
2R
)2
− f2
√(
E2 +
m
2R
)2
− f2, (2.23)
where sgn(x) is the sign function. It seems that Eq. (2.23) can be large if f2 is small for given
values of Ei, m,Q and M2. Since the spacetime is over extremal in our setup, f2 is positive and
never become zero. The minimum value of f2 is
f2min(Rmin) = 1−M22 /Q2 at Rmin = Q2/M2. (2.24)
When Q → M2, f2 approaches 0 from above, f2 → 0. When f2 is close to zero, if the collision is
rear-end (sgn(R˙1)sgn(R˙2) = +1), a large center of mass energy cannot be achieved because f
−1
2
term in the second and the third terms in Eq. (2.23) cancel out. On the other hand, the largest Ecm
is possible if and only if the shells collide head-on (sgn(R˙1)sgn(R˙2) = −1) exactly at R = Rmin.
Having said that, the largest collision is unlikely unless we impose a fine tuned initial position and
velocity of the shells so that they collide miraculously at R = Rmin.
For later use, we analytically evaluate the largest value of the center of mass energy, that is
achieved when the shells are “fine-tuned”. The center of mass energy becomes large when a head-
on collision takes place at R = Rmin. Recalling that M2 is essentially a variable (it varies at
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each collision), we evaluate the maximum value of Ecm|Rmin by regarding it as a function of M2.
However, a straightforward calculation shows that the explicit function of Ecm|Rmin obtained by
substituting R = Rmin into Eq. (2.23) is not analytically solvable in terms of M2. In order to treat
the function analytically, we notice the quantity Ecm|Rmin with sgn(R˙1)sgn(R˙2) = −1 satisfies the
following inequality.
E2cm
2m2
=1 +
1
f2
(
E1 − m
2R
)(
E2 +
m
2R
)
+
1
f2
√(
E1 − m
2R
)2
− f2
√(
E2 +
m
2R
)2
− f2
<1 +
1
f2
(
E1 − m
2R
)(
E2 +
m
2R
)
+
1
f2
(
E1 − m
2R
)(
E2 +
m
2R
)
=1 +
2
f2
(
E1 − m
2R
)(
E2 +
m
2R
)
=: F (R). (2.25)
We used f2 > 0 and the positivity of t˙ by Eq. (2.18) in the first inequality. When the collision
happens at Rmin, not only Ecm but F (Rmin) takes maximum values for given values of Ei, m,Q and
M2. Thus, F (Rmin) can be used to measure the upper bound of Ecm if f2min is sufficiently close to
0. Indeed, we will consider such a situation (f2min ≃ 0) in the next section. Focusing on the form
of F (Rmin), it can be regarded as a function of M2. Then, this function has one local maximum
at M2 = M2ex in the range M1 < M2 < M3, where M2ex satisfies ∂F (Rmin)/∂M2|M2ex = 0 and is
simply given by
M2ex =
M1M3 + A
2Q2
A(M1 +M3)

1−
√
1−
(
AQ(M1 +M3)
M1M3 + A2Q2
)2
 , A := 1−m2/(2Q2). (2.26)
A is positive if m is sufficiently smaller than Q, and this is indeed the case what we consider in
the next section. Now, we define an analytic upper bound of the center of mass energy, Ecm.b/2m,
by substituting M2 = M2ex into F (Rmin),
Ecm.b
2m
:=
√
F (Rmin)
2
∣∣∣∣∣
M2ex
=
√
1
2
{
1 +
A2Q2
m2
(
2A− M1 +M3
M2ex
)}
. (2.27)
Eq. (2.27) is the theoretical maximum value of Ecm/2m, that is achieved when the shells are
fine-tuned.
D. Energy transfer
We review the energy transfer between shells [21]. The shell transfers its energy to the other
shell when they collide. Let ∆E be the value of the energy transfer. By the use of Eq. (2.19) and
recalling that the specific energy of each shell after the collision is given by E3 = (M3−M4)/m for
the outer shell and E4 = (M4 −M1)/m for the inner shell, we write the energy transfer between
shells at the collision by
E3 = E1 −∆E and E4 = E2 +∆E, (2.28)
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where
∆E = γm/Rc. (2.29)
Rc is the radius of the collision point P (see Fig. 1 (b)). Eq. (2.29) denotes that ∆E > 0 and the
energy transfer is large when the Lorentz factor is large. The minimum energy transfer ∆E ≃ m/Rc
is realized in the Newtonian regime γ ≃ 1. In other words, relativistic motions necessarily increase
the energy transfer.
From Eq. (2.28) and Eq. (2.29), an universal feature for the collision is immediately revealed:
At the collision, the inner shell (with E1) always releases its energy ∆E, whereas the outer shell
(with E2) always gains ∆E. From Eq. (2.28), we find the energy conservation,
E1 + E2 = E3 + E4. (2.30)
III. RESULTS
In this section we numerically solve the equation of motions for two shells without imposing
fine-tuned initial parameters on the shells and show that high energy collision indeed occurs after
some collisions under generic initial conditions.
A. Initial conditions
Since there are lots of parameters (gravitational masses in the region 1, 2, 3, the initial grav-
itational and specific energies, the radius and the initial direction for each shell), we investigate
situations with the following assumptions.
(i) The over extremal spacetime we consider satisfies
Q = (1 + ǫ)M1, 0 < ǫ≪ 1. (3.1)
The spacetime in region 1 becomes close to the extremal Reissner–Nordstro¨m solution as
ǫ→ 0.
(ii) Let µi be the shell’s gravitational mass. We take M2 = M1 + µ and M3 = M1 + 2µ so that
the shells have the same gravitational mass, µ = µi.
(iii) As the initial parameters, the gravitational masses in the region 1, 2 and 3 and the charge
Q satisfy
M1 < M2 < M3 < Q (3.2)
in order to ensure that the regions 1, 2 and 3 are over extremal (M1,2,3 < Q), implying
that a black hole never form by collisions. As a consequence of the combination of Eq. (3.1)
and the inequality (3.2), µ must satisfy µ < ǫM1/2, denoting that the shell’s gravitational
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mass is at most O(ǫ). In other words, we are considering a situation in which the shell’s
gravitational mass is too small to collapse into a black hole. Then, µ is naturally parametrized
by introducing a parameter δ as
µ = ǫM1δ/2, (0 < δ < 1). (3.3)
We fix the shell’s gravitational mass µ via δ = 0.9 to reduce great number of freedoms in the
initial parameters.
(iv) Each shell has the same specific energy at the initial time, E0 := E(t = 0) = Ei(0).
(v) The two shells start from the same initial radius, R0 := R(t = 0) = Ri(0).
(vi) The shell with the radius R2 initially moves outwardly, sgn(R˙2(0)) = +1.
Summarizing above, the initial parameters that we take are ǫ, E0, R0 and σ1 := sgn(R˙1(0)). The
value of the proper mass m is identified via E0 = µ/m when E0 and µ are specified. From now
on, without losing generality we take M1 = 1.
Let us recall that the center of mass energy is given by Eq. (2.23). With the assumption of
Eq. (3.1), we can estimate the dependence of ǫ on Ecm as
Ecm/m ∝ ǫ−1/2. (3.4)
B. High energy collision without fine tuning
Here, we solve Eq. (2.21) to follow the time evolution of the two shells. The equations are so
simple that they can be numerically integrated merely by using NDSolve, a built-in command in
Mathematica (with 40 digits of Working precisions in our calculation).
In Fig. 2 (a), we demonstrate some examples of solutions of Eq. (2.21) to see how the shells
evolve and the center of mass energy behaves. We choose ǫ = 10−2, E0 = 0.2, R0 = 1.2, σ1 = 1 as
the initial condition. Note that the parameters are not fine tuned at all. In this figure, trajectories
of the shells are depicted as the red and blue curves the upper panel, while the orbit of the center
of mass energy is shown in the lower panel. The time is t2 which is measured between the shells
and just denote it as t for brevity. Since the center of mass energy is normalized by 2m (the
minimum of Ecm), its ratio Ecm/2m represents the amount of increase in Ecm by shell acceleration.
By defining maxEcm as the maximum center of mass energy during multiple collisions, we find
maxEcm/2m = 1.42. This solution seems to be settled down a stationary motion, and consequently
the orbit of the center of mass energy saturates after t ≃ 400.
An another solution with initial parameters of ǫ = 10−2, E0 = 0.5, R0 = 1.9, σ1 = 1 up to
t = 103 is plotted in Fig. 2 (b). Unlike the solution in Fig. 2 (a), the solution (b) behaves in a
complicated way, illustrating no pattern for the orbit of the center of mass energy.
Now, we solve the maximum center of mass energy as a function of the initial specific energy
E0 for (ǫ, R0) = (10
−2, 1) up to t = 104 [30]. This is illustrated in Fig. 3 (a). We find that the
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(a) (b)
FIG. 2. (a) Upper panel: The evolution of the shells in the bound system with ǫ = 10−2, E0 = 0.2, R0 =
1.2, σ1 = 1. Two shells are depicted as the red and the blue curves. The black line denotes Rmin at which
the maximum collision (the fine tuned collision) takes place. 23 collisions occur up to t = 103. Lower
panel: The orbit of the center of mass energy. The maximum value reaches Ecm/2m = 1.42 at t ≃ 400,
where 2m is the minimum of Ecm. (b) The solution with ǫ = 10
−2, E0 = 0.5, R0 = 1.9, σ1 = 1. The
dashed straight line in the lower panel denotes the upper bound, i.e., the maximum when fine tuning is
imposed. 25 collisions occur and the maximum center of mass energy among them is Ecm/2m = 4.62.
values of the maximum Ecm/2m are close to the upper bound defined by Eq. (2.27), especially for
small E0 . 0.55, irrespective of the sign of σ1. For the solution with σ1 = +1 (−1), we find 98.9%
(98.9%) out of the upper bound is achieved at E0 ≃ 0.91 (0.60). We calculate the arithmetic mean
of the ratio of the maximum to the theoretical upper bound, 〈maxEcm/Ecm.b〉, in order to evaluate
how large the observed center of mass energy is achieved compared to the fine-tuned center of mass
energy. As expected from Fig. 3 (a), the mean is considerably high, 〈maxEcm/Ecm.b〉 = 75.0% for
σ1 = +1 and 〈maxEcm/Ecm.b〉 = 86.4% for σ1 = −1. This result is important in that a significant
proportion of the theoretical maximum is automatically achieved during multiple collisions without
fine tuning. Figure 3 (b) describes the maximum value of the specific energy E under the same
parameter choice as (a). The green line is the upper bound for the maximum of E (the explicit
form of the function delegated to Appendix A). From this figure we read whether the shell will stay
in the system after multiple collisions or eventually one of the shells will escape from the system.
When E < 1, the shells are confined in the system at least during the integration time. To the
contrary, when E ≥ 1, one of the two shells gains sufficient energy to escape from the system to
infinity. Thus, from Fig. 3 (b), for E0 & 0.55, one of the shells in the end escapes to infinity by
gaining energy due to collisions. Consequently, the other shell remains and oscillates around the
central region. We will discuss this mass ejection in detail later.
We also solve equation of motions for the shells with R0 = 1.5, of which solutions are illustrated
in Fig. 3 (c) and (d). These solutions are qualitatively same as the case of R0 = 1, denoting that
large center of mass energies are obtained for E0 . 0.55. For most of solutions with E0 & 0.55,
one shell lastly gains large energy E ≥ 1 due to energy exchange by collisions, there by causing to
escape from the system.
We have taken ǫ = 10−2 in the above problem. Since Ecm/2m becomes large as ǫ decreases
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(a) (b)
(c) (d)
FIG. 3. (a) The maximum center of mass energy achieved during multiple collisions as a function of the
initial specific energy E0. We take (ǫ,R0) = (10
−2, 1). The green line denotes the upper bound defined
by Eq. (2.27). σ1 = ±1 is the initial direction of the shell with the radius R1, the initially inner shell. (b)
The maximum of E as a function of E0 with (ǫ,R0) = (10
−2, 1). The green line denotes the upper bound
of E. (c) Same as (a) but R0 = 1.5. (d) Same as (b) but R0 = 1.5.
(see Eq. (3.4)), we next solve the problem with the initial condition of (ǫ, R0) = (10
−4, 1) and
(ǫ, R0) = (10
−4, 1.5) up to t = 5× 104 in Fig. 4. These solutions are qualitatively same as the case
of ǫ = 10−2. For small energy E0, the two shells exhibit perpetual oscillatory motions because
of maxE < 1 and large Ecm/2m are confirmed, whereas a one shell escapes out the system after
several collisions for large E0 because of maxE ≥ 1.
In Table I, we summarize our numerical results on the maximum center of mass energy and the
arithmetic mean of the ratio of the maximum to the upper bound.
C. Mass ejection
Here, we concentrate on the situation where one shell escapes out of the system. As we have
observed, shells are confined for a long time in the system for small E0, whereas one of them can
in the end escape to infinity for large E0. We plot some examples of shell ejections for large E0 in
Fig. 5.
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(a) (b)
(c) (d)
FIG. 4. (a) The maximum center of mass energy as a function of E0 with (ǫ,R0) = (10
−4, 1). (b) The
maximum of E as a function of E0 with (ǫ,R0) = (10
−4, 1). (c) Same as (a) but for R0 = 1.5. (d) Same
as (b) but for R0 = 1.5.
(a) (b)
FIG. 5. When the initial shell’s energy is large enough, mass ejection occurs. (a) The solution with
(ǫ,R0, E0, σ1) = (10
−2, 1, 0.85, 1), describing shell ejection after 4 collisions. The shell (the red curve)
escapes to infinity, with energy E = 1.24 > 1. The remaining shell (the blue curve) continues oscillatory
motion. (b) The solution with (ǫ,R0, E0, σ1) = (10
−2, 1, 0.7,−1). One of the shells is ejected after 5
collisions. The ejected shell has energy E = 1.13.
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TABLE I. The maximum of the center of mass energy and the arithmetic mean of the ratio of the
maximum to the theoretical upper bound.
ǫ = 10−2 ǫ = 10−4
R0 σ1
maxEcm
2m 〈maxEcmEcm.b 〉 R0 σ1
maxEcm
2m 〈maxEcmEcm.b 〉
1 1 9.84 75.0% 1 1 83.5 48.9%
−1 8.92 86.4% −1 94.4 88.7%
1.5 +1 9.78 77.6% 1.5 +1 84.5 59.7%
−1 9.88 84.7% −1 97.4 64.4%
Let us discuss the mass ejection observed in Fig. 3 and Fig. 4. See the regions with large initial
specific energy E0. All the points lying in the region above the line maxE = 1 in Figs. 3 (b), (d),
Fig. 4 (b) and (d) yield that one shell is ejected to infinity after several collisions. In Fig. 3 (b) and
(d), almost all solutions with E0 & 0.55 are in the end ejected. In Fig. 4 (b) and (d), almost all
solutions with larger E0 (E0 & 0.65 for (R0, σ1) = (1,+1) and (R0, σ1) = (1.5,±1), while E0 & 0.9
for (R0, σ1) = (1,−1)) are in the end ejected. This means that shells with initially larger specific
energy easily escape from the system.
Now, let us evaluate how many times the shells collide before leaving the system. Figure 6(a)
denotes the number of collisions during integration time, as a function of E0 for given values
of (ǫ, R0) = (10
−2, 1). For E0 . 0.55, the number of collisions is large because the shells are
perpetually confined in the system. On the contrary, there are few collisions and the number of
collisions are at most O(10) for 1 > E0 & 0.55. It is known from Fig. 3 (b) that one shell escapes
out of the system for the range 1 > E0 & 0.55, and thus in this range, N means “the number of
collisions before the shell ejection”.
At the same time, we need to see Fig. 6 (b) which represents the difference between N and
NC.M.max denoting the number of collisions when the maximum Ecm/2m is achieved. For E0 . 0.55,
the difference distributes randomly and no pattern is observed. On the other hand, for almost all
solutions with E0 & 0.55, the difference is unity (see the inset in Fig. 6 (b)). This means that
the collision with the largest center of mass energy is likely to occur one time before the collision
inducing the ejection. This seems to be a universal feature also found in the ǫ = 10−4 case.
We want to give a physical meaning on this feature. For this purpose, we derive the relation
between the center of mass energy and the energy transfer between the shells. This can be done
simply by eliminating γ from Eq. (2.22) and Eq. (2.29),
∆E =
m
Rc
(
E2cm
2m2
− 1
)
. (3.5)
From Eq. (3.5), it is obvious that when the center of mass energy (normalized by 2m) takes its
maximum, the energy transfer also takes its maximum for given Rc and m. In other words, in a
collision with a large Ecm/2m, large energy transfer also occurs. The maximum energy transfer
occurs when the shell collides head on at R = Rmin. Considering this, when looking at Fig. 6
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(a) (b)
FIG. 6. (a) The number of collisions during integration time, as a function of E0 for (ǫ,R0) = (10
−2, 1).
(b) the difference between N and NC.M.max denoting the number of collisions when the maximum Ecm/2m
is achieved. The difference is 1 (inset) for almost all solutions with large E0. See the text for the reason.
(b), in most cases for large E0, the maximum Ecm/2m occurs in the collision one time before the
shell escapes. This means that this collision caused a large energy transfer that allows one shell to
escape to infinity. In fact such a case is shown in Fig. 5(a).
D. Chaotic nature
We have observed high energy collision of shells so far. As observed, this high energy phe-
nomenon is evidently caused by random motions of shells. In this section we investigate if the
chaotic nature is hidden in our system. For this purpose we can follow similar procedure given in
Ref. [24].
One of analyses for chaos is the sensitivity on the initial value. Chaos occurs when the distance
x between two orbits, starting from slightly different initial values, grows exponentially with time.
This is written as ∆x ∝ eλt with the positive Lyapunov exponent λ. If λ is negative, this is not a
chaos. In our setup the exponent is determined by following the evolution of the distance between
shells starting from slightly different radii. In Fig. 7, we plot the difference of the outermost
shell’s orbits starting from radii that differ initially only by ∆R(0) = 10−3. From this figure,
an exponential increase in the difference is certainly observed, |∆Router| ∝ eλt with λ ∼ 0.01.
Although the value of λ is nearly zero, a positive λ is an evidence of chaos. The reason for the
saturation in the late time seen in Fig. 7 is that the outermost shell reaches its maximum radius.
An another method to analyze chaotic behavior is to draw a bifurcation diagram of the center
of mass energy. The diagram, if the system is chaotic, displays the transition from periodic to
non-periodic orbits of the center of mass energy when we increase a parameter. For this purpose,
we take the initial condition adopted in Fig. 3(a), (ǫ, R0, σ1) = (10
−2, 1, 1) and the integration
time is set to be t = 104. Then, the parameter range of E0 for perpetually oscillating solutions
is 0.12 . E0 ≃ 0.55 [30]. In Fig. 8, the late time orbit (the orbit after t = 7500) of the center
of mass energy is plotted as a function of E0. From the figure, we find Ecm/2m takes almost the
minimum 1 or oscillates near 1 for small E0. As E0 increases, the orbit becomes quite complicated
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FIG. 7. The difference in the orbit of the outermost shell starting from two slightly different radii,
|∆Router|. We take (ǫ, E0, R0, σ1) = (10−2, 0.5, 1, 1) for the initial parameter of the system. We see an
exponential grow of the difference, |∆Router| ∝ eλt with λ ∼ 0.01 (the dashed line).
FIG. 8. The bifurcation diagram, describing late time orbits of Ecm/2m as a function of E0. The orbit
nearly converges to unity or is periodic around unity for E0 . 0.2. As E0 increases, the distribution of
the orbits becomes random and continuous. This behavior indicates chaos in the two shell system.
and non-periodic, thereby indicating chaotic nature of the two shell system.
IV. SUMMARY AND CONCLUSION
We have observed high energy collision of two concentric spherical shell without fine tuning.
We have studied multiple collisions of two dust shells in an over charged Reissner–Nordstro¨m
spacetime, providing repulsive force due to the naked singularity. By using the fact that the self
gravity of the shells and repulsive force form a simple gravitationally bound system, we investigated
multiple collisions of shells in the bound system when two shells interact only gravitationally. We
have solved the equation of motions for two shells without imposing any fine tuning of initial
parameter on the shells. Since one shell gives its energy to the other shell every time they collide,
time evolutions of the shells with multiple collisions are highly nontrivial. Consequently, the center
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of mass energy for each collision varies nontrivially and even reach almost its upper bound, the
fine-tuned value. We confirmed numerically that the maximum value of the center of mass energy
is achieved even several tens of percent of the theoretical maximum value (the fine-tuned value)
under generic initial conditions. It was shown that shell ejection occurs when the shell’s initial
energy is large. Since the center of mass energy and the energy transfer inducing the ejection is
simply related through Eq. (3.5), the ejection is likely to occur after the high energy collision is
achieved. The similar ejecting phenomena are found in previous works in Refs. [18, 19]. In these
works, energetic ejections occur when the shells collide at a radius as close to the center where the
gravitational field becomes stronger. Similarly, in our setup, such ejections can occur when the
collision radius is closer to Rmin where the shell’s potential well is the deepest. Thus, our results
of shell ejection are in good agreement with previous works.
We have also found some evidence that behavior of the shells is chaotic. The chaotic nature
found in our system is confirmed in Newtonian [18] and in general relativity [19, 24]. Our results
indicate that high energy collision occurs in the present bound system thanks to the chaotic nature.
In Newtonian gravity, only the minimum energy transfer takes place at each collision, thereby
no large center of mass energy is achieved (see the text below Eq. (2.29)). In general relativity,
large amount of energy transfer is possible as they collide at a relativistic speed. That is a unique
feature to general relativity.
From the above observations, we conclude that fine tuning for the initial condition of shells is not
required for high energy collision in the present bound system. What we can learn from this study
is that: Since nature of gravity contains chaos, new physics including high-energy phenomena may
occur once a bound system inducing the chaotic nature is constructed.
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Appendix A: The upper bound of the specific energy of the ejected shell
We derive the equation for the upper bound of the specific energy of the ejected shell. We define
the upper bound as the “total specific energy of the two shells minus the minimum specific energy
of the shell that remains in the system”. To derive the equation, we first focus on the minimum
energy of the other shell, the non-ejected shell. Since the outer shell is ejected, the non-ejected
shell is the inner shell. The inner shell has the minimum specific energy Ec of Eq. (2.14) by setting
M+ = M2 and M− =M1. Since M2 varies between M1 < M2 < M3 by collisions, Eq. (2.14) takes
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its minimum when M2 approaches its maximum M3. Then,
Emin(E0) := lim
M2→M3
Ec =
√
1− (M1 +M3)
2
4Q2 −m2 =
√
1− 4(1 + µ)
2
4(1 + ǫ)2 − (µ/E0)2 , (A1)
providing that E0 is the initial specific energy of each shell. In the last equality, we substituted ini-
tial parameters in section IIIA. Next, we focus on total specific energy of the two shells. Eq. (2.30)
guarantees that the sum of the specific energy of two shells is always 2E0. Summarizing above, we
derive the upper bound of the specific energy of the ejected shell as a function of E0,
Eej.b = 2E0 −Emin(E0). (A2)
The threshold of the ejected energy that the shell can escape to infinity is obtained as Eej.max = 1.
The corresponding threshold E0, satisfying 1 = 2E0 − Emin(E0), is analytically solvable as a
quartic equation of E0. However, we can get a simpler and approximated solution by recalling
that 0 < ǫ≪ 1 as
E0 ≃ (1 +
√
2− δ√ǫ)/2. (A3)
From this equation, we find that the minimum specific energy of the ejected shell is a little larger
than 0.5. For the choice adopted in Fig. 3, the minimum specific energy is given by E0 ≃ 0.55
which sufficiently corresponds to the numerically obtained minimum value as seen in Fig. 3 (b)
and (d).
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